has studied linear equations of the form (1) this paper extends some of his results to a nonlinear setting. Let 5 be a linearly ordered set, {G, + ,|| ||} a complete normed abelian group, H the set of functions from G to G that take 0 to 0, Osd and CM classes of functions from 5X5 to H that are order-additive and order-multiplicative respectively and satisfy a Lipschitz-type condition, and % be J. S. Mac Nerney's reversible mapping from Osd onto CM. If {V, W} is in <£, we show the collection of all functions that are differentially equivalent to V is the same as the collection of functions that are differentially equivalent to W -1. This analysis is used to prove existence theorems for product integrals which we show solve (1). [2] , B. W. Helton obtained product integral solutions of linear integral equations of the form (1) where the integration is directed along intervals in some linearly ordered system, the functions involved have their values in a complete normed ring, and the right-left integral is of the subdivision-refinement type.
Introduction. In his 1966 paper, Integral Equations and Product Integrals
, B. W. Helton obtained product integral solutions of linear integral equations of the form (1) where the integration is directed along intervals in some linearly ordered system, the functions involved have their values in a complete normed ring, and the right-left integral is of the subdivision-refinement type.
We extend some of these results to the nonlinear setting developed by J. S. Mac Nerney in [7] . As in [7] , 5 denotes some nondegenerate set, with linear (^) ordering ΰ\ {G, + ,|| ||} denotes a complete normed abelian group with zero element 0, and H denotes the class of all functions from G to G to which {0,0} belongs, with identity function 1. Os$ + denotes the class of all ^-additive functions from 5X5 to the set of nonnegative real numbers, and OM + denotes the class of all ΰ-multiplicative functions from 5X5 to the set of real numbers not less than 1.
The class ϋst consists of all functions V from 5X5 to H such that (i) V is ΰ-additive in the sense that, for each {*, z, P} in 5X5XG, if {jc,y,z} is an (^-subdivision of {JC,Z} then
V(x, y)P+V(y,z)P= V(x, z )P, and
In [7, p. 624] Professor Mac Nerney defines sum and product integrals in this setting. We indicate the definitions: if g is a function from 5X5 to G, h is a function from SXS to H and {x,y,P} is in SXSXG, x Σg~ Σ>(ί/-i>'i) and j f [h]P~ {Π>(Wy)}^ (functional composite) where {ί/}S is an ^-subdivision of {jc,y}.
Let Φ denote a function from Osί such that if V is in ΰsέ then Φ( V) is the set to which K belongs only in case K is differentially equivalent to V.
Let φ denote a function from CM such that if W is in CM then ι^(W) is the set to which K belongs only in case K is differentially equivalent to W -1.
REMARK. In [2, p. 299 ] Professor Helton defines function classes OA\ OM° and OB\ In the linear case, our Φ(Osd) includes the common part of OA ° and OB° and ψ(0M) includes the common part of OM° and OB°.
2. φ [ <? ] = Φ. In this section we prove two theorems that will be used in the proofs of later theorems. In the first theorem we prove that if K is in φ(€M) then the sum and product integrals of K exist and in the second theorem we prove that if {V, W} is in <£, the collection of functions which are differentially equivalent to V is the same as the collection of functions which are differentially equivalent to W-l. REMARK. The proof of the following theorem is similar to the proof of Theorem 3.4 [2, p. 301] of which this theorem is an extension. Also there is a function k from SXS to the real numbers such that By Corollary 1.1 [7, p. 626] K(x,y)P-x Σ [W-ί]P K(x,y)]P-W(x,y)P\\;
there is an a inϋ^+ such that if {x,y} is in 5X5 and {P,Q} is in GXG then
\\V(x,y)P-V(x,y)Q\\^a(x,y)\\P-Q\\
and there is a function h from 5X5 to the real numbers such that ||V(jc,y)P-.K(jt,y)P||:SΛ(jc,y)||P|| and x Σ'h = 0. By Corollary 1.1 [7, p. 626] 
3. Existence theorems. In this section we will prove that if each of K and M is in Φ{ΰs4) and [1 -M(x,y) ]"'P exists and is bounded sufficiently there is a member V of ϋsέ such that is in Φ(V); hence X IP [1 + K] 
This extends existence theorems proven by J. S. Mac Nerney [7] , B. W. Helton [3] , J. V. Herod [5] and J. C. Helton For each {x,y,P} in SXSXG and 0-subdivision {ίJS of {x,y} 
For each {x,y,P} in SXSXG and ^-subdivision {ί,}3 of
The rest of the proof is identical to the proof of Theorem 3.1. For each ϋ-subdivision t of {x,y} it follows from Lemma 1.2 [7, p. 623 
(4) H'Π
Indication of proof of (1). For each {x,y,P} in SXSXG
y)P\\ a(x,y)\\V(x,y)[\-V(x,y)]-ι P\\
Similar inequalities can be established for (2), (3) and (4).
The integral equations.
Let each of R and L denote a function from SXS into S such that R(x,y) = y and L(jc,y) = x for each {jc,y} in 5X5.
REMARK. This notation due to W. L. Gibson in [1] provides a more precise notation for left and right integral process than that used before. Hence
(RL) Γ (Kf + Mf) becomes Γ (Kf[R] + Mf[L]). J X J X
As in [7] 2P(c,P) denotes the class of all functions / from S to G such that f(c) = P and there is a member β of Od* such that ||/(y)-/(*)N0(jr,y) for each {jc,y} in 5ΛΓ5 (i.e., / is of bounded variation on each 0-interval of 5).
REMARK. The construction of the proof of the next lemma is similar to that of Lemma 2.2 [7, p. 623 
(x,y)P-V ι (x,y)Q\\^a ι (x,y)\\P-Q\\ and \\V 2 (x,y)P-V 2 (x,y)Q\\^a 2 (x,y)\\P-Q\\; (2) fis in &(c,P); and (3) for each {x,y} in SXS
j C(x,y) = jjV ί f[R]+V 2 f[L]}- V ι (x,y)f(y)-V 2 (x,y)f(x).
Conclusion. For each {x,y} in SXS
Proof. Let β be in Osi + such that || df || ^ β, {x,y} be in SXS such that {x,y,c} is an 0-subdivision of {x,c} where c is in S, and {ί,}S be an 0-subdivision of {JC, y}; then Conclusion. The following statements are equivalent: It follows from Theorems 3.2 and 3.3 that (3) is equivalent to (2) and the proof is complete.
REMARK. From the foregoing argument it is evident that each of the following statements is equivalent to those in the conclusion of the preceding theorem: (4) 
A seemingly more general integral equation.
In [7, pp. 632-633] Let {GXG, + , || ||}, UM" and OM" be defined as in [7, p. 632] . Let Φ" and ψ" be the mappings corresponding to the mappings Φ and φ. The following theorem is a reinterpretation of Theorem 4.3. We will not state the corresponding reinterpretation of Theorem 4.2. The next corollary shows that in the purely linear case this theorem includes the solutions Helton obtained in .
Let {JV, +, , I I} be a complete normed ring. 
